ABSTRACT The classical degree function constructed earlier for pseudomonotone mappings has been used to develop a broader degree theory of classical type for the sum of a maximal monotone map from a reflexive Banach space to its dual together with a bounded pseudomonotone map. The proof uses the generalized Yosida approximation of the maximal monotone map-ping.
In the preceding note (1), I developed a degree theory for mappings from a reflexive Banach space X to its dual space X* of two types: mappings of class (S)+ and pseudomonotone mappings. In this note, I will develop corresponding results for mappings of monotone type that need no longer have full domains nor be single valued.
I consider two basic classes of such mappings, both arising in a number of contexts involving parabolic operators, variational inequalities, and nonlinear Hammerstein equations as well as strongly nonlinear problems. In this note, I consider maps of X into 2X* of the form T + fwith T maximal monotone andfpseudomonotone and bounded. In a note to follow, I let X be the Sobolev space WgP(fk) and considerf + Ng withf pseudomonotone and bounded while Ng is a Niemytskii operator for a function g(x,r) that only satisfies the sign condition g(x,r)-r ¢ 0. I obtain classical degree theories in each of these cases by constructing suitable approximation processes different from those considered in the earlier discussion and showing that the degrees of the approximations stabilize.
Let X be a reflexive Banach space. The mapping T from X to 2X* is said to be monotone if, for all pairs [u,w] , [x,y] in G(T), the graph of T, (W-YU -X) 2 0, and maximal monotone if it is maximal in the sense of graph inclusion among monotone mappings; i.e., if, for any [uo,wo] in X X X*, for which (wo-y,uO -x) . 0 for all [x,y] in G(T), it follows that wo E T(uo). We assume that X has been given a norm such that X and X* are locally uniformly convex, so that the corresponding duality mapping J is continuous in the strong topologies and lies in the class (S)+. THEOREM 1. Let X be a reflexive Banach space and T be a maximal monotone mapping from X to 2x* with 0 E T(O). Let G be a bounded open subset of X, and let f be a bounded mapping of cl(G) into X* of class (S)+. For each E > 0, consider the generalized Yosida transformation T, corresponding to T given by
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(i) Suppose that, for a given yo in X*, yo does not lie in CT + f )(QG). Then, there exists 60 > 0 such that, for 0 < E < E0, yo does not lie in (T, + f )(aG).
(ii) For each E > 0, the mapping TE + f of cl(G) into X* is of class (S)+. Hence, for 0 < E < 60, the degree function d(T, + fG,yo) is defined by the results of ref. 1. Moreover, for 0 < E < Ei, the values of all these degrees coincide.
Definition 1: We set the degree function d(T + fG,yo) to be the common value of d(T. + fG,yo) for E sufficiently small. PROPOSMON 1. Let X be a reflexive Banach space and {T,:0
1} be a family of maximal monotone maps from X to 2x* with 0 E Tt(O) for all t. Let J be a duality mapping from X to X* that corresponds to a norm on X in which both X and X* are locally uniformly convex. Consider the following four conditions on the family {TJ}.
(i) Generalized pseudomonotonicity: Suppose that, for a sequence {ti} converging to t in [0,1], we have a sequence [uj,wj] in G(Tt,) with uj converging weakly to u in X and wj converging weakly to w in X*. Suppose further that lim(wj,uj) -(w,u).
Then, w E Tt(u), and (wj,uj) -> (w,u). (iv) Strong lower semicontinuity of G(Tt) in t: Given [x,y] in G(Tt) and a sequence {tj} converging to t in [0,1], there exists a sequence [xj,wj] with each [xj,wj] in G(Tt3) such that xj converges strongly to x in X and yj converges strongly to y in X*.
Then, conditions i, ii, iii, and iv are mutually equivalent. Proc. Natl. Acad. Sci. USA 80 (1983) 'Thus, (w -y,u -x) 2 0. Since this inequality holds for all [x,y] Hence, the sequence {Uj} is bounded, as is the sequence J(uj).
I wish to show that uj converges strongly to u = (Tt + J)-'w. To do so, it suffices to assume that us converges weakly to u and show that u must be this given element and that the convergence is strong. We may also assume thatJ(uj) converges weakly to z in X* while yj = Wj -J(uj) converges weakly to w -z = Y.
For each j, we have (WjUj -U) = (y,,sj -U) + (J(Uj),Uj -U).
Since wj converges strongly to wwhile usj -u converges weakly i.e., hm(yj,uj) -< (yAu. If we apply condition iv, we find that y E T,(u) and that (yj,uj) (y,u); i.e., (yj,usj - 
Since J is a map of class (S)+ by hypothesis, usj must converge strongly to u and J(uj) must converge strongly to Jiu). Hence, y = W -l(u); i.e., w E (Tt + J)(u) or u = (Tt + J)-(w). q.e.d.
Proof that iii implies iv: Let [x,y] E G(Tt). Then, y + J(x) E (Tt + J(x); i.e., x = (Tt + J)-'[y + J(x)]. If {tj} is a sequence converging to t in [0, 11, let 
By condition iii, xj converges strongly to x in X, so thatJ(xj) converges strongly toJ(x) in X*. On the other hand, there exists yj in T(xj) such that y + J(x) = yj + J(xj). However, yj = y + J(x) -1(x) converges strongly to y in XP. q.e.d. Hence, (1 -sj)6jjjvjfl2 is bounded, as is sj46jzjII2, so that (1 -Sj)ejl|vj -* 0, . ss4|Iz -*0.
Let [x,y] be any element of G(T,). By condition iv for the pseudomonotone homotopy {TJ}, for each j, there exist elements [xj,yj] of G(T4) with xj converging strongly to x and yj converging strongly to y. By the monotonicity of Ty, (vj - Mathematics: Browder -aillvAl, ---(viui); sillzjll' ----(z,,ui).
